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SUMMARY ever, we find that the two shear stresses associated withthe S
system are 90out of phase just like the vertical and radial par-

We present the theory of Love wave inversion for shear ve- ticle motions for Rayleigh waves. Therefore, if measureimen

locity profiles using phase velocity, group velocity, an@ah of these stress components can be made, their ratio can be in-

stress ratio measurements. This theory can be used to setuperted for a shear wave velocity profile in a manner analogous

practical inversion schemes to estimate the near-surfoe-v to inversion of Rayleigh wave HZ ratio.

ity structure in the Earth. The method is founded on the for-

ward modeling method developed by Lysmer (1970) who used

a finite-element method to model Rayleigh waves. The advan- FORWARD MODELING

tage of the employed method is that the depth-sensitivitgfu

tions needed to calculate the gradients follow from an eigen In an isotropic medium that varies only with depth, the wave

value problem, which can be solved in a fast manner using equation for SH-waves is given by

standard eigenvalue/eigenvector solvers. 5 5 5
H(2uy+02uy) + (3p1) (Ouy) = puy, (1)

where u is the shear modulugy the density andy the y-
INTRODUCTION component of the displacement. We seek a weak-form solu-
tion by taking the inner product with a (non-zero) test fimrct
Surface waves are sensitive to the near-surface Earthisteuc ~ W. Therefore we have
and as such carry valuable information about this often com-
plex zone. In global seismology, surface waves have forg lon / [pw?uy + 1(8Zuy + 8ZUy) + (0z14)(dzuy) | waV =0, (2)
time been the dominant source of information to obtain the ve v
locity structure in the Earth's crust (Dorman & Ewing, 1962; \yhere we transformed into the frequency domain using the
Aki & Richards, 2002). In exploration seismology, surface temporal Fourier transform. Since the medium varies only
waves are mostly treated as noise as they mask the body-wavevith depth, we look for a solution of the form
reflections used in seismic imaging. Recently surface waves )
have received more attention in exploration seismics intan a uy(x,z,t) = r(z)e® | (3)
;Zi:'g te(dJ'u(sleg;gtjlrnl\tgncngz;a;:ﬁe(nzzoeog)e' a;ﬂzt;/rzfz::te(;torg%gicge wherek is the horizontal wavenumber am¢z) describes the

Gouédardt al. (2010)], that can be complex in both land and depth sensitivity of the solution. We seek a piecewise linea
ocean-bottom seismic surveys solution. Therefore we project the solution (as well as &t

function) onto the basis
The forward modeling method of surface waves described in

this work originates from Lysmer (1970), who used it for mod- (2=27-1)/hi—1 ?f 4-1<2<12,
eling of Rayleigh waves. The method is in principle a finite- @@= éz“rl —2z)/h gtﬁeSrWZiS<EZ+l7 Q)

element method but can be viewed as the simplest form of

a spectral element (or continuous Galerkin) method (Patera Tne model parameteys and p are assumed to be piecewise
1984; Komatitsch & Vilotte, 1998), as it uses a linear inter- constant; i.e., we assume a layered 1D model. The model pa-

polation across the elements. It is different from comal rameters are therefore projected onto the basis

methods for modeling of surface waves in that it leads to a sim

ple linear system of equations that can be solved with cenven 1 ifz<z<zy41,

tional numerical methods. Based on Lysmer’s forward model- Mi(z) = 0 otherwise ®)

ing formulation, here applied to Love waves instead of Rgyle

waves, the linear inverse problem formulation is found tigto Since in the horizontal direction we assume purely harmonic
a first-order perturbation analysis. Such an inversiondbase ~ motion, the integral over the volunvecan be replaced with an
Lysmer’s method has previous been implemented for Rayleigh interval over depth. Consider one layer only with index.e.
waves by Masterlarlet al. (2010) in order to image a shal-  Zn < Z< Zy;1. Since forzy < z< 7,1 we haveg;(z) # 0 only

low magma chamber. We present the inverse problem for bothif j € {n,n+1}, we must have

group velocity and phase velocity measurements of Love svave 2 N N
.. L. .. fzn+1w2 (Z|:1plnl> (Zi:lfiWPJ)
In addition to phase and group velocities, the HZ ratio dpell
ticity of Rayleigh waves can also be inverted for near-igfa n ( N th) ( N ra2qq— k2SN f'WPJ)
structure (Tanimoto & Tsuboi, 2009; Haneyal., 2011). So 2im 21116 2
far, no extension of this method has been proposed for Love _ <Z|N 1IJ”|) (Z'N ﬂiaz[(az(ﬂ)‘PJD dz
= =

waves. This makes sense because Love waves have only one
direction of particle motion, in the out-of-plane direatidHow- +pO@) @7 =0, (6)
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1D Love wave inversion using the finite-element method

whereJ € {n,n+1}, N is the total number of layers, and where as thin as one-tenth of the wavelength. This requirement has
ri is thei-th coefficient of the projection af(z) onto basisp, led to the method being called the “thin-layer method” (Ke&lus
and wherep, and ; are thel-th coefficients of the projection & Roésset, 1981).

of p andu onto basig1, respectively. The lastterm in equation

6 is the boundary term that results from integration by pafrts o0
the last term in equation 2. We shall first proceed to ignoee th
boundary terms and return to them at the end of this section. o0

Since forz, < z< z,41 we havell|(z) # 0 only if | =n, the
sums ovet contribute only the term fdr= n. The remaining
terms then involve productBl,¢@. These products are only
nonzero ifi € {n,n+ 1}. Using this it follows from equation 6
that we have

(wPpn —K2pun) [ il ade}

+Hn { i”jnlri fzi”“(dzzqq)qmdz} Figure 1: lllustration of assembly of elemental matricasdgo
single layer (small square) into matrices for full multi4aied
—Un [ i”:nlri fzi”“ 62[(6Z(n)(pj}dz} =0. (7) model (big square). Remaining entries of the deepest elemen

tal matrix are simply not used.

Since here] € {n,n+ 1}, we see that equation 7 is a linear
system of two equations with two unknowns, irg.andrp 1.
The integrals involving the basis-functiopscan be evaluated
using the definition of this basis in equation 4. By defining th
vectorv:= [rarn,1]", we can write equation 7 in matrix form
as

Equation 8 is a generalized eigenvalue problem wihas
eigenvalue and the depth-sensitivity coefficianés eigenvec-
tors. Solving this eigenvalue problem for a fixed frequency
then provides the depth sensitivity functiong) for the dif-
ferent modes. Since the fundamental mode has the lowest
phase velocity, it corresponds to the largest eigenvalueeO
@My = (K*B;+Bo) v, ®) the depth sensitivity functiongz) are found for the different
with the matricesvl, B, andBg given by modes, equation 3 can be used to model wave-propagation for
a given depth model by summing over all modes, or, if only

M:=pphnK, Bz :=phhnK, Bg:= %L ) certain modes are desired, by considering different mogies s
" arately.
with
. 1/3 1/6 . 1 -1
K:= ( 16 13 ) , L= ( 11 ) . (10) GROUP VELOCITY
In equation Sy, denotes the thickness of layerThe mass ma- 1€ group velocity of surface waves is given by
trix M can be replaced with a diagonal matrix by "mass lump- dw
ing”, i.e., summing the entries in each row Mf and placing u= K (11)
the sum on the main diagonal. The matrices given in equation
9 were previously also given by Lysmer & Drake (1971). To find an expression for the group velocity we pertuspk

andv in equation 8, while keeping the model parameteesnd
Equation 8 holds for a single layer. The multi-layered-case p constant. Doing this while keeping only first order terms,
trices can be assembled from the elemental matrices in equa-and using that due to the symmetry of matrit&sB, andBg
tion 9 by a process illustrated in figure 1. Knowing that we we have
have ignored the boundary terms in equation 6, we mention WAVTM =T (k2|32+|30) 7 (12)
that for internal boundaries the boundary terms of differen . . .

: . it follows that the group velocity can be written as

layers cancel each other since we consider welded boundary
conditions. The only boundary terms that remain are the ex- k v Bov
ternal boundary terms, i.e., the upper boundary of the upper =
most layer and the lower boundary of the lowermost layer. The
boundary term at the upper interface vanishes since we assum
astress free surface and the term at the lower interfaceivesii  PHASE-VELOCITY INVERSION
because there we implement a Dirichlet boundary condition
(Lysmer, 1970). The Dirichlet boundary condition implibat We first consider the phase velocity. To allow inversion @f th
the forward modeling uses the “locked-mode approximation” phase velocity for the model parameters, we seek a linear re-
(Noletet al., 1989). In practice, this means that the model in lation between a perturbation in the phase-velocity antuper
depth must extend at least 1 wavelength in depth for accuratebations in the model parameters. Therefore, we pekuh p
modeling (Lysmer, 1970). The additional requirement for ac andv while keeping the frequency constant. Doing this while
curate forward modeling is that the individual layers besast

T wVIMY 13
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1D Love wave inversion using the finite-element method

keeping only first-order terms and again using equation 12 it Defining the model parameter vecior= (8,p)" and calcu-

follow that lating the derivative ofi With respect tari= logmwe find [see
N also Rodiet al. (1975)]
oM
T 2T
2kdkv'Bv = wfv (Z 0_p,dp'> \" @ B E UO) Kl ﬁ 23)
=1 om  dm ' ¢ dw\om) "

N 2
—v' (Z @du) v.(14) Writing it out explicitly in terms ofu andc and medium pa-
Hi rameters3 andp we get

Using that for fixed frequency we have tk= —dc/c with ¢ du_dc uw d (Bdc\dB uw d (padc dp
the phase-velocity, it follows that equation 14 can be emitt U ¢ ¢ dw

cdB) B ciw\cap) p
as
T T . _ e
dFC _ (Kf, ’p) (d_u) N (KS ’u) (d_p) . s Knowing that by definition of the sensitivity kernete ‘p and
H p KE‘B we have
where the sensitivity kernelk§ | and K°| are given by 0o
K§| = E— and Kg|,= _poc (25)
ke 1 { . Ta(k252+30)v} (16) p COB’ PI6cop
e 2kuwvTMv OH ’ it follows that
—W oM T
KSi| = s |01V v 17) du dB T (dp
Py 2kuvT Mv { dp = KY =1+ (K” ) =, 26
| Blo B p’B P (58
Here the subscriptin Kﬁi and Kgi denotes théth com- ) ) o
’ ) with the group-velocity sensitivity kerneIKb‘ and Kb‘|
ponent of each sensitivity kernel (or gradient). Note that n P B
summation is implied by the repeated indidesn the right- given by
hand sides of equations 16 and 17. Moreover the familiar no- .
tation |, ,, indicates the parameter that is held constant. . U d Kp o
, KY = K — ; (27)
Instead of usingt and p as the medium parameters, we can & P & p C Jdw
also choose the shear-wave veloclyand p. Since in an P’B
. . . . - u [
isotropic medium we havg = /u/p it follows that to first Kp’ﬁ = ’B < 0 (28)
order d d
W_,%, % (18)
Hu B p Data (blue), initial guess (red), and final update (black)
Using this in equation 15 it follows that we have 2000+ ‘ ‘ ‘ ‘ ‘
T TTTLLLLTTIT LT T L L L L L L L L L L LR L LT T LLL LTI T
dc dg T /dp |
— = K¢ - (KC ) .l 19 1800
= () (3)- (s (2)
> 1600 1
where the sensitivity kernelK§ | and K°| are given by 3
Hip Plp £ 1400 1
C _ Cc Cc _ [ C
=2K y and K \B K ] + pyu. (20) 1200k

4 6 8 10 12

frequency (Hz)
GROUP-VELOCITY INVERSION )
Figure 2: Data space for an example of Love wave group ve-
locity inversion. Shown are the initial data (red), the $yatic
data corrupted by 1% Gaussian noise (blue), and the data from
the final inversion result (black).

Once the sensitivity kernels for the phase-velocity arerkno
the group-velocity sensitivity kernels can be derived fitbwir
phase-velocity equivalents. In general, the group velasit

related to the phase-velocity as In Figures 2 and 3 we show an example of group velocity inver-

U= c ' 1) sion of the fundamental mode for a model with a low velocity
1-¢ g—g) layer at depth. The inversion is implemented using a damped
least-squares scheme. Though we take a homogeneous model
as the initial guess, a smooth version of the low velocitetay
is recovered in the final inversion result as shown in Figure
~ 3. It is remarkable that the inversion is able to converge to
0=¢€-log ( >

Taking the logarithm on both side of this equation and intro-
ducing the notation = logu andc":= logc we get

(22) an acceptable solution considering that Love waves, lstrict
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1D Love wave inversion using the finite-element method

True model (blue), initial guess (red), and final update (black) Depth Model 1 Eigenvectors Ratio of the two shear stresses
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Figure 3: Model space for an example of Love wave group Figure 5: A model with a low velocity layer at depth is shown

velocity inversion. Shown are the initial model (red), theet in the left panel. In the middle and right panels, we plot the
model used to generate the synthetic data, and the finatéver eigenvectors for this model and the ratio of the shear sisess
model (black). as a function of frequency.

speaking, do not exist in an initial homogeneous model. We Richards (2002), we know thaty and 1y, can generally be
are currently investigating how the existence of Love wanes  expressed as
the initial model affects the performance of the inversilgoa _do
. yz=H—= (29)
rithm. dz
and
LW
Txy = | /JLE (30)

whereL is the mode shape of the Love wave eigenfunction and
u is the shear modulus. Although one would need to know
U to measure the shear stresses, this quantity cancels when
taking their ratio. Thus, the measurementgf 1xy in practice
simply requires that vertical and horizontal derivativéshe

INVERSION OF SHEAR STRESS RATIO

In Aki & Richards (2002) equation 7.20, the phase of the two
shear stresses in the SH-systagy,andty,, differ by a factor
of the imaginary numbeir. Thus, the two shear stresses exe-

cute an analogy of elliptical motion. Since we know that the /
ellipticity of Rayleigh waves can be inverted for shear velo ~ Wavefield be measured. Such measurements can be made by

ity structure (Tanimoto & Tsuboi, 2009; Haneyal., 2011), placing two geophones close to each other in the horizontal o

we find that the ratio of these two shear stress components isVertical direction and taking finite-differences betweke.t

_?_lso sensitive to sméCtrll”e and has ;h:zpotgnt_lal to Pemﬁ‘fd _In Figures 4 and 5, we show the ratio of the shear stresses
uls, We can ?X_ter? the concept o ratio inversion used in ¢, g different models using synthetic forward modelethda

analyzing Rayleigh waves to Love waves. generated with the method described earlier. The ratiolis ca

culated at a depth of 10 m. As seen in the two figures, the

ratio changes significantly between the models, showing tha

Depth Model 2 Eigenvectors Ratio of the two shear stresses

[

w ooie it is sensitive to depth structure. In the future, we plamte@it
these curves of the shear stress ratio as a function of fregue
0 1009 o018 for shear velocity profiles. In addition, we will considetios
€ € o & o0 of stresses associated with the P-SV system in the future for
£ g 7 ou Rayleigh waves.
CONCLUSION
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We have presented the theory of one-dimensional Love wave
. . . . inversion using phase velocity, group velocity, and sheass
Figure 4 A model with a low veloqty layer aF the surface is ratio measurements. This theory can be used for practieal in
shown |n.the left panel. IQ the middle and rlght panels, we version of such measurements.
plot the eigenvectors for this model and the ratio of the shea
stresses as a function of frequency.
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